A multidimensional cosmological model with scalar and form fields [1, 2, 3, 4] is studied. An exact S -brane solution (either electric or magnetic) in a model with l scalar fields and one antisymmetric form of rank m ≥ 2 is considered. This solution is defined on a product manifold containing n Ricci-flat factor spaces M 1 , ..., M n . In the case when the kinetic term for scalar fields is positive definite we singled out a special solution governed by the function cosh . It is shown that this special solution has Kasner-like asymptotics in the limits τ → +0 and τ → +∞ , where τ is a synchronous time variable. A relation between two sets of Kasner parameters α ∞ and α 0 is found. This relation, named as "scattering law" (SL) formula, is coinciding with the "collision law" (CL) formula obtained previously in [5] in a context of a billiard description of S -brane solutions near the singularity. A geometric sense of SL formula is clarified: it is shown that SL transformation is a map of a "shadow" part of the Kasner sphere S N −2 ( N = n + l ) onto "illuminated" part. This map is just a (generalized) inversion with respect to a point v located outside the Kasner sphere S N −2 . The shadow and illuminated parts of the Kasner sphere are defined with respect to a point-like source of light located at v . Explicit formulae for SL transformations corresponding to SM 2 -and SM 5 -brane solutions in 11 -dimensional supergravity are presented.
Introduction
In [6] a multidimensional model describing the cosmological "evolution" of n Einstein spaces in the theory with l scalar fields and several antisymmetric forms was considered. When electro-magnetic composite S -brane ansatz was adopted, and certain restrictions on the parameters of the model were imposed, the dynamics of the model near the singularity was reduced to a billiard on the (N − 1) -dimensional hyperbolic (Lobachevsky) space H N −1 , N = n + l .
We recall that Kasner-like solutions have the following form
where
0 are constants i = 1, . . . , n ; β, γ = 1, . . . , l ; and w = ±1 . It was shown in [5] that the set of Kasner parameters (α ′ A ) after the collision with the s -th wall is defined by the Kasner set before the collision (α A ) according to the following formula
Here (α A ) = (α i , α β ) ∈ R N , N = n + l ; U s is a brane co-vector corresponding to the s -th wall and U Λ is a co-vector, corresponding to the Λ -term. These vectors and the scalar product (., .) were defined in [7, 9, 8, 5] , see also Section 3 of this paper.
In the special case of one scalar field and 1 -dimensional factor-spaces (i.e. l = d i = 1 ) this formula was suggested earlier in [10] . Another special case of collision law for multidimensional multi-scalar cosmological model with exponential potentials was considered in [11] .
In this paper we consider an exact S -brane solution with one brane (either electric or magnetic) in the model with l scalar fields and one antisymmetric form of rank m ≥ 2 (see Section 2) [15, 16] . This solution is defined on a product manifold containing n Ricci-flat factor spaces. In Section 3 we rewrite the solution in a so-called "minisuperspace-covariant" form that significantly simplifies forthcoming analysis.
In the case when the kinetic term for scalar fields is positive definite one we single out a special solution governed by the cosh function. In Section 4 we show that this solution has a Kasner-like asymptotics in both limits τ → +0 and τ → +∞ , where τ is the synchronous time variable. We also find a relation between two sets of Kasner parameters α ∞ and α 0 . This relation ("scattering law" formula) is coinciding with the CL formula from (1.5).
In Section 5 we clarify the geometric sense of the SL. We have expressed the SL transformation in terms of a function mapping a "shadow" part of the Kasner sphere S N −2 onto "illuminated" part. We show that this function is just an inversion with respect to a point v located outside the Kasner sphere S N −2 . In Section 6 we present explicit formulae for SL transformations corresponding to SM2 -and SM5 -brane solutions in 11 -dimensional supergravity.
S -brane solution
Here we deal with a model governed by the action
For pseudo-Euclidean metric of signature (−, +, . . . , +) one should put θ = 1 .
We consider S -brane solution (either electric or magnetic one) to field equations corresponding to the action (2.1) and depending upon one variable u [15, 16] (see also [14, 12, 8] ).
This solution is defined on the manifold
where (u − , u + ) is an interval belonging to R , and has the following form
Here and in what follows
for electric or magnetic case, respectively, Q = 0 is a constant (charge density parameter) and
is the indicator of i belonging to I : δ 
All manifolds M i are assumed to be oriented and connected and the 10) and parameters
are well-defined for all i = 1, . . . , n . Here
14)
The parameters h appearing in the solution satisfy the relations
Here we assume that K = 0 . The moduli function reads
where R = |Q||K/C| 1/2 , and C , u 1 are constants. Here ε = ε(I)θ for electric case and ε = −ε[g]ε(I)θ for magnetic case, where
Due to (2.5) and (2.6), the dimension of brane worldvolume d(I) is defined by
for electric and magnetic cases, respectively. For Sp -brane we have p = p(I) = d(I) − 1 . The solution under consideration is a special one brane case of intersecting S -brane solutions from [14, 15, 16] .
Minisuperspace-covariant notations
Our solution may be written also in the so-called "minisuperspace-covariant" form following from the sigma-model solution [12] . The metric (2.3) has the structure
Introducing a collective variable x = (x A ) = (φ i , ϕ α ) we get a minisuperspacecovariant relation (see (2.3) and(2.4)):
where the function f (u) was defined in (2.17)-(2.20) and c = (c A ) = (c i , c α ) . The linear and quadratic constraints from (2.21) and (2.23), respectively, read in a minisuperspace covariant form as:
and
is the so-called brane co-vector (U-vector) [7, 9] (
are, correspondingly, a minisuperspace metric and inverse to it, where (see [17] )
In what follows we use a scalar product [7] (U,
The logarithm of the lapse function (3.2) may be also written in the minisuperspace covariant form
is U -vector, corresponding to the Λ -term [7, 9] . We will use also the relations
Scattering law for Kasner parameters
Here we restrict our consideration by a special solution with K = (U, U) > 0 , C > 0 and ε > 0 . We also put the matrix (h αβ ) to be positive definite. In this case the solution is governed by the moduli function f (u) = R cosh( √ C(u − u 1 )) and is defined for all u ∈ (−∞, +∞) .
Kasner-like behaviour
Let us consider our solution in a synchronous time:
where η = ±1 , u 0 is constant and
is a lapse function.
for u → ±∞ , we get asymptotical relations for the lapse function
as u → ±∞ , with
Using relations (3.14), (3.15) and h = (U, U) −1 we could rewrite the parameters b ± in a minisuperspace-covariant form
is a co-vector, obeying relations:
following just from (3.4) and (3.5). In derivation of (4.6) we used the relation 10) following from (3.14) and (4.7).
In what follows we will use an inequality It may be verified that due to (4.11) the lapse function e γ 0 (u) is monotonically increasing from +0 to +∞ for c 0 > 0 and monotonically decreasing from +∞ to +0 for c 0 < 0 . We define synchronous time variable to be
for c 0 > 0 and
for c 0 < 0 . Then, the function τ = τ (u) is monotonically increasing from +0 to +∞ for c 0 > 0 and monotonically decreasing from +∞ to +0 for c 0 < 0 . We have the following asymptotical relations for τ = τ (u) 16) as u → ±∞ , whereĉ A are constants. Hence, due to (4.15) we are led to Kasner-like asymptotics written in a minisuperspace covariant form
for u → ±∞ , where x A ± are constants and
are collective Kasner-like parameters, corresponding to u → ±∞ . Asymptotical relations (4.17) could be also rewritten in the form assigned to proper time asymptotics, i.e. In components relations (4.23) and (4.25) read as 3) and (1.4) . So, we obtain a Kasner-like asymptotical behaviour of our special solution (with C > 0 and ε > 0 ) for i) τ → +0 and for ii) τ → +∞ , as well. The Kasner-like behaviour in the case i) is in agreement with the general result from [6] .
Using (4.12) and (4.24) we get
The first inequality (4.27) is a special case of a set of inequalities derived in [6] . Any inequality of such type corresponds to a billiard wall in hyperbolic (e.g. Lobachevsky) space.
Scattering law
Now we derive a relation between Kasner sets α 0 and α ∞ . We start with the formulas:
following from (4.18) and (4.6), respectively. Using these relations and (4.24) we get
This formula gives a scattering law formula for Kasner parameters (see definitions (4.21) and (4.22))
coinciding for U = U s with the collision law formula (1.5) derived in [5] . It should be also noted that due to (4.31) the inverse function S −1 is given by just the same relation
Geometric meaning of the scattering law
Let us clarify the geometric meaning of the scattering law. Since the matrix (h αβ ) is positive definite the Kasner relations (1.3) and (1.4) describe an ellipsoid isomorphic to a unit (N − 2) -dimensional sphere S N −2 which is a subset of R N −1 , N = n + l . Thus, the sets of Kasner parameters α may be parametrized by vectors n ∈ S N −2 , i.e. α = α( n) . Let us show that the scattering law formula (1.5) in terms of n -vectors reads as follows
where v is a vector belonging to R N −1 with | v| > 1 . Now we proceed with derivation of (5.1). The minisuperspace metric (3.8) has a pseudo-Euclidean signature (−, +, . . . , +) , since the matrix (G ij ) has the pseudo-Euclidean signature [17] and (h αβ ) has the Euclidean one. There exists a linear transformation
diagonalizing the minisuperspace metric (3.8) Here we put as in [6] 
We remind that U Λ is a time-like co-vector, i.e. (U Λ , U Λ ) < 0 . (Explicit relations for other co-vectors e i , i = 1, . . . , N − 1 , are irrelevant for our consideration. A possible choice of e i is the following one: for i = 1, . . . , n − 1 , these co-vectors could be found from relations for z i of Ref. [17] , while for i = n, . . . , N −1 these co-vectors could be readily obtained by diagonalization of the matrix (h αβ ) .)
Let us define a "frame" U-vector:
(see (5.6)). It follows from (3.15), (5.7) and (5.9) that
We also define "frame" α -parameters:
In terms ofα -parameters the Kasner relations (written in a "minisuperspace covariant" form)Ḡ
read as
These equations imply [6] α
where the vector n = (n i ) ∈ R N −1 has the unit length: n 2 = 1 , i.e. n ∈ S N −2 . Relations (5.11) and (5.16) define a one-to-one correspondence between the points of the Kasner sphere S N −2 and Kasner sets α . Now we define a vector v = (v i ) ∈ R N −1 by formula
we get | v| > 1 . Using relations (5.9), (5.11), (5.16) and (5.17), we obtain
Due to (5.19) andÛ 0 > 0 , the following equivalences take place
Since the asymptotical Kasner sets α ∞ = α( n ∞ ) and α 0 = α( n 0 ) obey the inequalities U(α ∞ ) < 0 and U(α 0 ) > 0 , we get
Geometrically, this means that the endpoint of the vector n 0 is not illuminated by a point-like source of light located at the endpoint of the vector v (i.e. the endpoint of n 0 belongs to the "shadow side" of the Kasner sphere), while the endpoint of the vector n ∞ is illuminated by this source. Using the definitions (5.9) and (5.11) we rewrite the scattering law formula (1.5) (with U s = U ) in a (equivalent) "frame representation" It follows from (5.1) that
Thus, the endpoints of the vectors v , n ′ and n belong to one line. Hence, the endpoint of the vector n ′ may be obtained as a point of intersection of the Kasner sphere with the line connecting the endpoints of the vectors v and n . Thus, the scattering law transformation (5.1) is just an inversion with respect to a point v located outside the Kasner sphere S N −2 . The point v is the endpoint of the vector v . This transformation map the "shadow domain" of Kasner sphere onto "illuminated domain".
Remark. We remind that according to an analysis carried out in [6] the solution under consideration is described for τ → 0 by a geodesic motion of a point-like particle in a billiard. This billiard belongs to the 6 Example: D = 11 supergravity Now we consider, as an example, D = 11 supergravity [18] . The bosonic sector action reads in this case as
where F = dA is a 4-form and constant c is irrelevant for our consideration.
Since the second term in (6.1) (called as Chern-Simons term) does not depend upon a metric, the Hilbert-Einstein equations are not changed when it is omitted . The only modification of equations of motion is related to Maxwelltype equations
Due to relations for F in (2.5) and (2.6) we get F ∧ F = 0 . Thus, the solution from the Section 2 in the special case D = 11 , w = −1 , l = 0 (i.e. when scalar fields are absent) and m = 4 gives us either SM2 -or SM5 -brane solution in 11 -dimensional supergravity (see also [13] and references therein). In this case α = (α i ) and the relations on Kasner parameters (1.3) and (1.4) read
d(I) . Here d(I) = 3 for electric SM2 -brane and d(I) = 6 for magnetic SM5 -brane.
Thus, the scattering law (4.32) for SM -branes reads as follows
In terms of Kasner sphere parametrization of α -parameters the scattering law relation (6.4) is given by the formula (5.1) with n = n 0 , n ′ = n ∞ and N = n . Using (U, U) = 2 and (5.10) we get v 2 = 21 in the electric case and v 2 = 6 in the magnetic case [6] . This means that illuminated part of the Kasner sphere S n (containing endpoints of n ∞ ) is larger in the electric case, while the shadow domain (containing endpoints of n 0 ) is larger in the magnetic case.
Conclusions
We have considered the exact S -brane solution with one brane (either electric or magnetic) to field equations corresponding to the action (2.1) containing l scalar fields and one antisymmetric form of rank m ≥ 2 [15, 16] . This solution is defined on the product manifold (2.2) containing n Ricci-flat factor spaces M 1 , ..., M n .
In the case when the matrix (h αβ ) is positive definite we have singled out a special solution governed by cosh moduli function. We have shown that this solution has Kasner-like asymptotics in the limits u → ±∞ , where u is the harmonic time variable, or, equivalently, in the limits τ → +0 and τ → +∞ , where τ is the synchronous time variable.
We have found a relation between two sets of Kasner parameters α ∞ and α 0 . Remarkably, the relation between them α ∞ = S(α 0 ) is coinciding with the "collision law" formula from [5] . We have also clarified the geometrical sense of the scattering law. Namely, we have expressed the scattering law transformation in terms of a function mapping a "shadow" part of the Kasner sphere S N −2 onto "illuminated" one. This function is just an inversion with respect to a point v located outside the Kasner sphere S N −2 . The shadow and illuminated parts of the Kasner sphere are defined w.r.t. a point-like source of light located at v .
We have also written explicit formulae for scattering law transformations corresponding to SM2 -and SM5 -brane solutions in 11 -dimensional supergravity. Using this inequality, (A.9), (U Λ , U Λ ) < 0 and (s, s) = −1/(U, U) we get
that is equivalent to the inequality (4.11). Thus, (4.11) is proved.
